Derivation of the Divergence Cleaning Equations of Motion
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I'll use Antén et al. (2006) and Penner (2011).

We start with the modified form of Maxwell’s equations in covariant form with the divergence
cleaning field, :
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We can simplify the original part of Maxwell’s equations:
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where the connection term vanished because *F*” is anti-symmetric while I'V ) is symmetric under

permutation of its lower indices.
Using equation (18) from Antén et al. (2006),
1
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where B* is a purely spatial vector and is the magnetic field w.r.t. the hypersurfaces normal
observer, i.e. the one we want. Therefore, Maxwell’s equations become (remembering that Bt = 0
and *F' = 0):
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which is equation (20) from Antén et al. (2006) divided by «. Note we have used the following
identity in arriving at the last expression:
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The divergence constraint comes from the time component of the Maxwell’s equation:

V, P = \/1_79& (vV—=g*F") (10)



and
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Another way to simplify/expand the divergence cleaning terms is by taking out the metric

from the covariant derivative:

vugij = g’wvm = guy ,ﬂﬁ
The t-component is
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which leads to the ultimate equation:
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The j-component is
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The complete j*-component of the modified Maxwell’s equation becomes
J
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Inserting equation 24 :
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Simplifying both sides
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Making the new terms to look like the induction equation spatial derivatives:
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Now, combining the terms into the induction equation’s spatial derivatives and expanding out the

RHS:
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Collecting terms on RHS:
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Further collection of terms on RHS:
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Now working on the
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Making the spatial divergence on v look like the induction equation part:
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Absorb the new derivatives into the induction equation part:
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The “absorption” cancels terms when using 341 form:
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Collecting last two terms on RHS:
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Using 341 form of metric:
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Cancelation of the derivative on the shift squared term:
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So the new equations are :
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Let us put the evolution for ) into conservation law form. From the original derivation:
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So, the final equations are:

dyAB? +0;\/7 [u'B! —uw B+ ayyp — (I BY) (58)
98
= V7 (2508 — BO@) + 00, (ay/71Y)
0 +0, (0B~ ) = o (s 01) + 780 () (59
ﬁ
REFERENCES
J. Penner, PhD Thesis, University of British Columbia (2011);

http://bh0.physics.ubc.ca/People/ajpenner/thesis/phd.pdf.

L. Antén, et al., ApJ, 637, 296-312 (2006).

This preprint was prepared with the AAS I4TEX macros v5.2.



